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ABSTRACT 
The determinant of the n X n matrix associated with the finite-difference operator 
ti “+I is obtained explicitly for all n and all integral r > 0. An interesting combi- 
natorial identity results. 
1. INTRODUCTION 
The Toeplitz matrix obtained by considering the coefficients in the 
expansion of the finite-difference operator A’ (r an integer > 0) was studied 
in detail in [l] and [2], and explicit formulae were obtained for the de- 
terminant, the elements of the inverse, and the infinity norm of the inverse. 
This makes such matrices particularly useful as test matrices for numerical 
algorithms, since they occur frequently as a by-product of approximating 
differential operators. The finite-difference operator $2r+1, which is also a 
common approximation to a differential operator, similarly gives rise to a 
Toeplitz matrix; however, this latter matrix is skew-symmetric, and so is less 
amenable to the techniques of [l] and [2]. In the present note, we derive a 
formula for the determinant of the matrix for n even. 
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2. EVALUATION OF THE DETERMINANT OF A, 
If B, is the non-singular n X n matrix [2] with elements 
bii=(-1) r+l+i+i( r2:TJi), r>o, 
and A, is the n X n matrix with elements 
then the determinant of A,, can be obtained by using the following two 
lemmas. 
LEMMA 1. If&+, u=u, where u is the vector {1,-1,1,-l ,..., l}‘, u 
is the vector {01,u2 ,..,, u”+~}~, n is even and P is the (n+l)x(n+l) 
permutation matrix, 
P= 
oo-*~ol 
OO***lO 
. . . . . 
. . . . 
. . . . . 
Ol***OO 
lo**-00 
then 
v= Pv. 
Proof. E and A will denote the usual finite-difference operators, con- 
sidered to be acting on the subscript k. Thus, Ev, = v,, 1 and A = E - I. By 
the binomial theorem, 
22+1 
- A2r+1 = ,Te c/E! 
where C~ = (-l)‘, so that cI+l_Ci_lj= b,. 
Letq=Ofork=-r(l)O,ork=n+2(l)n+l+r,Thenfor -r<k<n- 
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= ( &_k@k)~k= -A2'+'Uk. 
i 
Therefore, the matrix equation B,, 1u = u can be interpreted to be the 
system of difference equations 
- AZ’+ ‘vk = uk, k= -r(l)n-r 
t&=0, k= -r(l)O, or k=n+2(l)n+l+r. 
We find that 
-(E+l)A”+l= xdiEf, where di=cl_,+ci. 
Hence 
andfor -r<k<n-rwehave 
= x d,+l_(k+r+l_i~Er+l-‘k+‘+l-i’V~ 
i 
so that A”+lu=O. 
Write 
B n+l = f&+1+&+1)3 
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where S,, + r = B, + 1 + B,‘, I is symmetric, and & + r = B,, + I - B,‘, 1 is skew- 
symmetric. One easily checks that &,+r = &+r and that A,+r and S,,, are 
symmetric about the skew diagonal. A matrix A is symmetric about the skew 
diagonal if and only if AP= PA T. Hence, 
%+&= B(Sn+r+An+r)P~ 
= 1 PS;+l+ PA,T,,)v 4 
= i(PS,+, -PA,++ 
=P($,+, 4 
=Pu 
=21 
and since B,, + 1 is non-singular, Pv = v. 
This enables us to prove 
LEMMA 2. 
det A, = 0, n odd, 
n+l 
de%= igl (-l)i-lPi,,+l, n even, 
where Pi, n + 1 is the element in position (i, n + 1) in the matrix (det B,,, J Bnill. 
Proof. The matrix A,, can be written as A,,= CB, where C is an 
n x (n f 1) matrix whose entries are all zero except those in position (s, s) and 
(s,s+l) (s=1,2 ,..., n), which are unity, and B” is an (n + 1) X n matrix 
obtained by deleting the last column of B,,,,. 
No? let C, be obtained from C by deleting column j, and I& be obtained 
from B by deleting row i; then, using the Cauchy-Binet theorem for 
determinants, we have 
n+l 
det A, = 2 det Ci det ii 
j=l 
n+l 
= 2 det& 
j-1 
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since obviously det Cj = 1 for all j. Also, since_ ii comes from IS,,, 1 by deleting 
column n + 1 and row i, it follows that det BI = ( - l)f+ ’ &+ r,i. Moreover A,, 
is skew-symmetric; hence detA, = 0 (n odd), and 
n+l 
detA, = 2 ( - l)‘-‘&+,,i 
i=l 
(n even). 
Thus from Lemma 1, ur = u*+ r; therefore 
n+l ll+1 
izl (- l)i-‘Pn+l,i = isl (- l)‘-‘Pl,iy 
and, again because of the symmetry of B,, + 1 about its skew-diagonal, 
n+l n+l 
,Fl (-vPl,i= x (-VPi,,+1* 
i=l 
The identity Z;,‘,‘( -l)‘-‘P,+,,,=Z~~~ (-l)‘-1j3,,,+1 is of interest in its 
own right, and allows us to conclude that 
n+l 
detA, = x ( - l)i-lpi,n+l (n even). 
i=l 
We now quote a result which is proved in 121, namely, 
LEMMA 3. 
n+l k+!h 
( 1 
pdf=(-l)n(r+l) fl ?++l 1 1 kc1 k+T ( ) (,+l)(~=r)a(~,~,i,i), r+l 
where 
n+l 
o(n,r,i,j)= c 
k=max(i,f) 
r+l+k-j 
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If we apply Lemma 3 in Lemma 2, we obtain 
THEOREM 1. For n even, 
n+l 
de& = c (_ l)i--l+dr+1) 
i=l 
n+l k+2r ( 1 
k 1 ;=: 1- 1 II ( 1 (r+l)(:+f;)f(n,r,i), r+l 
where 
f(n,r,i) = (“zz, i)( 2’TT1+ ‘)-‘(r+ I)-‘, 
that is, 
n+1 
detA,= c (-l)“-’ 
i-1 
3. ALTERNATIVE EXPRESSION FOR detA, 
We prove the following combinatorial identities. 
LEMMA 4. 
n+l 
x w-‘(f:;)( 
n~~~i)=(m~r)( 2m++‘:‘) (n=2m), r>l. 
i-l 
Proof. The right-hand side is given by the coefficient of t2”’ in the 
expansion of (l+ t2)/(1- t2)“+2 as a power series in t. The left-hand side of 
the identity is, since n=2m, the coefficient of t2m in the series expansion for 
(1- t)2/(1- t2)r+e, that is, the coefficient of t2m in (1+ t”)/(l- t2)r+2. H 
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then we have the following result. 
LEMMA 5. 
T> 1, m> 1. 
Proof. Substitution for S (m, r) puts the stated identity in the form 
that is, 
r_l n+r+l+k 
( ) 
ir(n;2k~(2f)-2=~ (k;;l, (m,fr)2m;t+;+1 ’ 
k-l 
With a slight re-arrangement, this becomes 
If we denote the left-hand and right-hand sides of this expression by L, and 
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R, respectively, then one can verify that 
R r+l 
R 
Now use induction on r. Since Lr+JL,= R,, 1/R,, L,= R, implies that 
L r+l =R,+1* and the Lemma follows from noting that L, = R, = [(n + 2)/212. 
w 
We obtain our final result by using Lemma 5 in Theorem 1 and verifying 
the case r = 0 directly. 
THEOREM 2. 
detA,= fi ( n:2k)2( “,“)-” 
k-0 
(12 even). 
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